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Abstract: For an integer n > 2, let I Cc {0,1,2,---,n}. A Smarandachely Roman s- 
dominating function for an integer s, 2 < s < nm on a graph G = (V,E) is a function 
f:V — {0,1,2,--- ,n} satisfying the condition that |f(u) — f(v)| > s for each edge uv € E 
with f(u) or f(v) € I. Similarly, a Smarandachely Roman edge s-dominating function for 
an integer s, 2 < s < n on a graph G = (V,£) is a function f : E — {0,1,2,--- ,n} 
satisfying the condition that |f(e) — f(h)| > s for adjacent edges e,h € E with f(e) or 
f(h) € I. Particularly, if we choose n = s = 2 and I = {0}, such a Smarandachely Roman s- 
dominating function or Smarandachely Roman edge s-dominating function is called Roman 
dominating function or Roman edge dominating function. The Roman edge domination 
number 7re(G) of G is the minimum of f(F) = \).<, f(e) over such functions. In this 
paper we first show that for any connected graph G of q > 3, qre(G) + Ye(G)/2 < q and 
Yre(G) < 4q/5, where ye(G) is the edge domination number of G. Also we prove that for 
any Yre(G)-function f = {Eo, £1, £2} of a connected graph G of q > 3, |Eo| > ¢/54+ 1, 
|Ei| < 4q/5 — 2 and |F2| < 2q/5. 
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§1. Introduction 


Let G be a simple graph with vertex set V(G) and edge set E(G). As usual |V| = p and 
|E| = q denote the number of vertices and edges of the graph G, respectively. The open 
neighborhood N(e) of the edge e is the set of all edges adjacent to e in G. And its closed 
neighborhood is N[e] = N(e) U {e}. Similarly, the open neighborhood of a set S C E is the set 
N(S) =U-es N(e), and its closed neighborhood is N[S] = N(S)US. 

The degree of an edge e = uv of G is defined by deg e = deg u + deg v — 2 and 0'(G) 
(A’(G)) is the minimum (maximum) degree among the edges of G (the degree of an edge is the 
number of edges adjacent to it). A vertex of degree one is called a pendant vertex or a leaf and 
its neighbor is called a support vertex. 
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Lete € SC E. Edge h is called a private neighbor of e with respect to S (denoted by h is 
an S-pn of e) if h € Nie] — N[S — {e}]. An S-pn of e is external if it is an edge of E— S. The 
set pn(e,S) = Nie] — N[S — {e}] of all S-pn’s of e is called the private neighborhood set of e 
with respect to S. The set S is said to be irredundant if for every e € S, pn(e,S) AB. Anda 
set S of edges is called independent if no two edges in S are adjacent. 

A set D C V is said to be a dominating set of G, if every vertex in V — D is adjacent to 
some vertex in D. The minimum cardinality of such a set is called the domination number of 
G and is denoted by 7(G). For a complete review on the topic of domination and its related 
parameters, see [5]. 

Mitchell and Hedetniemi in [6] introduced the notion of edge domination as follows. A set 
F of edges in a graph G is an edge dominating set if every edge in FE — F is adjacent to at 
least one edge in F’. The minimum number of edges in such a set is called the edge domination 
number of G and is denoted by ye(G). This concept is also studied in [1]. 

The concept of Roman dominating function (RDF) was introduced by E. J. Cockayne, P. A. 
Dreyer, S. M. Hedetniemi and S. T. Hedetniemi in [3]. (See also [2,4,8]). A Roman dominating 
function on a graph G = (V,£) is a function f : V > {0,1,2} satisfying the condition that 
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2. 
The weight of a Roman dominating function is the value f(V) = )O,cy f(u). The Roman 
domination number of a graph G, denoted by yr(G), equals the minimum weight of a Roman 
dominating function on G. 

A Roman edge dominating function (REDF) on a graph G = (V,£) is a function f : 
E = {0,1,2} satisfying the condition that every edge e for which f(e) = 0 is adjacent to at 
least one edge h for which f(h) = 2. The weight of a Roman edge dominating function is 
the value f(E) = )).cg f(e). The Roman edge domination number of a graph G, denoted by 
re(G), equals the minimum weight of a Roman edge dominating function on G. A Roman edge 
dominating function f : E — {0,1,2} can be represented by the ordered partition (Eo, £1, F2) 
of EF, where E; = {e € E | f(e) =i} and |F,| = q for i = 0,1,2. This concept is studied in 
Soner et al. in [9] (see also [7]). A 7 — set, 7, — set and y,¢-set, can be defined as a minimum 
dominating set (MDS), a minimum Roman dominating set (MRDS) and a minimum Roman 


edge dominating set (MREDS), respectively. 


Theorem A. For a graph G of order p, 
Ye(G) S< Yre(G) < 27e(G). 


It is clear that if G has at least one edge then 1 < 7,<¢(G) < q, where q is the number of 
edges in G. However if a graph is totally disconnected or trivial, we define y,-(G) = 0. We 
note that E(G) is the unique maximum REDS of G. Since every edge dominating set in G is a 
dominating set in the line graph of G and an independent set of edges of G is an independent set 
of vertices in the line graph of G, the following results can easily be proved from the well-known 
analogous results for dominating sets of vertices and independent sets. 


Proposition 1. A Roman edge dominating set S is minimal if and only if for each e € S, one 


of the following two conditions holds. 
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(i) N(e)NS =f. 
(it) There exists an edge he E—S, such that N(h)N S = {e}. 


Proposition 2. Let S = EF, U E2 be a REDS such that |E,| + 2|E2| = yre(G). Then 


~ | < Ydeg(e) 


ees 


and the equality holds if and only if S is independent and for every e € E—S there exists only 
one edge hh € S such that N(e)N S = {h}. 


Proof Since every edge in E(G) — S is adjacent to at least one edge of S, each edge in 
E(G) — S contributes at least one to the sum of the degrees of the edges of S', hence 


|E(G) — S| < dees deg(e) 


Let |E(G) — S| = }°.-5 deg(e). Suppose S$ is not independent. Since S$ is a REDS, every 
edge in # — S is counted in the sum )),., deg(e). Hence if e; and e2 have a common point in 
S, then e; is counted in deg(e2) and vice versa. Then the sum exceeds |E — S| by at least two, 
contrary to the hypothesis. Hence S' must be independent. 

Now suppose N(e) NS = @ or |N(e)N S| > 2 fore € E—S. Since S is a REDS the 


former case does not occur. Let e; and e2 belong to N(e)MS. In this case 57. « deg(e) exceeds 


ecS 
|E(G) — S| by at least one since e; is counted twice: once in deg(e,) and once in deg(ez), a 
contradiction. Hence equality holds if S is independent and for every e € E — S there exists 
only one edge h € S such that N(e) 1S = {h}. Conversely, if S is independent and for every 


e € E —S there exists only one edge h € S such that N(e)N S = {h}, then equality holds. 


Proposition 3. Let G be a graph and S = E, U Ey be a minimum REDS of G such that 
|S| = 1, then the following condition hold. 


(i) S ts independent. 

(ii) |E—S| =) eg deg(e). 
(iit) A(G) =q-1. 

(iv) q/(A’ +1) =1. 


An immediate consequence of the above result is. 


Corollary 1 For any (p,q) graph, Yre(G) = p—q+1 if and only if G has ye components each 


of which is isomorphic to a star. 


Proposition 4. Let G be a graph of q edges which contains a edge of degree q — 1, then 
Ye(G) = 1 and yre(G) = 2. 


Proposition 5.({9]) Let f = (Eo, £1, E2) be any REDF. Then 


(i) (E,) has maximum degree one. 
(it) Each edge of Eo is adjacent to at most two edges of Ey. 
(iit) Fg is an ye-set of H = G[Eo U Ey]. 
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Proposition 6. Let f = (Eo, Fi, F2) be any Jre-function. Then 


(i) No any edge of EF, is adjacent to any edge of E4. 

(it) Let H = G[Eo U Ey]. Then each edge e € E> has at least two H-pn’s (i.e private 
neighbors relative to Ey in the graph H). 

(iit) If e is isolated in G[E2] and has precisely one external H-pn, say h € Eo, then 
N(hA)NE, =. 


Proof (i) Let e1,e2 € E, where e; adjacent to e2, f(e1) = 1 and f(e2) = 2. Form f’ by 
changing f(e1) to 0. Then f’ is a REDF with f’(E) < f(£), a contradiction. 

(it) By Proposition 5(iii), E2 is an y--set of H and hence is a maximal irredundant set in 
H. Therefore, each e € E> has at least one E2-pn in H. 

Let e be isolated in G[E2]. Then e is a E2-pn of e. Suppose that e has no external F-pn. 
Then the function produced by changing f(e) from 2 to 1 is an REDF of smaller weight, a 
contradiction. Hence, e has at least two E2-pns in H. 

Suppose that e is not isolated in G[E2] and has precisely one E-pn (in H), say w. Consider 
the function produced by changing f(e) to 0 and f(h) to 1. The edge e is still dominated because 
it has a neighbor in £2. All of e’s neighbors in Ep are also obtained, since every edge in Ey has 
another neighbor in £2 except for h, which is now in £,. Therefore, this new function is an 
REDF of smaller weight, which is a contradiction. Again, we can conclude that e has at least 
two Fo-pns in H. 

(iti) Suppose the contrary. Define a new function f’ with f’(e) = 0, f’(e’) = 0 for e’ € 
N(h)NE\, f'(h) = 2, and f’(x) = f(x) for all other edges x. f’(E) = f(E)—|N(hA)NE\| < f(F), 
contradicting the minimality of f. 


Proposition 7. Let f = (Eo, Fi, E2) be a Yre-function of an isolate-free graph G, such that 


|E>| = qo is a maximum. Then 


i) Ey is independent. 
it) The set Eo dominates the set Ej. 


iti) Each edge of Eo is adjacent to at most one edge of Ey. 


—~ ~~ nan 


iv) Let e € G[E] have exactly two external H-pn’s e; and eg in Ey. Then there do not 
exist edges hy, hz € Ey such that (hi, e1, e, €2, hg) is the edge sequence of a path Pe. 


Proof (i) By Proposition 5(2), G[E,] consists of disjoint K2’s and P3’s. If there exists a 
P3, then we can change the function values of its edges to 0 and 2. The resulting function 
g = (Wo, Wi, W2) is a 7,e-function with |W2| > |F2|, which is a contradiction. Therefore, F is 
an independent set. 

(ii) By (i) and Proposition 6(i), no edge e € Fy is adjacent to an edge in Fy U Ey. Since 
G is isolate-free, e is adjacent to some edge in Ey. Hence the set Eo dominates the set Fy. 

(iti) Let e € Ey and B = N(e)M Ej, where |B| = 2. Note that |B] < 2, by Proposition 
5(ii). Let 


Wo = (Eo U B) — {e}, 
Wi=£,-B, 
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Wo => Ey» U {e}. 


We know that Fz dominates Eo, so that g = (Wo, Wi, W2) is an REDF. 
g(E) = |W,| + 2|W2| = |Fi| — B+ 2|£.| — 2 = f(£). Hence, g is a 7,<-function with 
|W2| > |£2|, which is a contradiction. 
iv) Suppose the contrary. Form a new function by changing the function values of (h1, e1, €, e2, h2) 
from (1,0,2,0,1) to (0,2,0,0,2). Then the new function is a +,¢-function with bigger value of 


q2z, which is a contradiction. 


§2. Graph for Which 4,.(G) = 27-(G) 


From Theorem A we know that for any graph G, 7,<(G) < 27-(G). We will say that a graph 
G is a Roman edge graph if ye(G) = 27(G). 


Proposition 8. A graph G is Roman edge graph if and only if it has @ %re-function f = 
(Eo, E1, E2) with a= |E;| = 0. 


Proof Let G be a Roman edge graph and let f = (Eo, £1, E2) be a 7e-function of G. 
Proposition 5(iii) we know that E2 dominates Eo, and E, U E2 dominates E, and hence 


Ye(G@) < |Ey U Bo| = |Ei| + |B2| < |i] + 2|E2| = yre(G). 
But since G is Roman edge, we know that 
2e(G) = 2|Bi| + 2|E2| = Yre(G) = |Ei| + 2| Ep]. 


Hence, qi = |F\| = 0. 

Conversely, let f = (Eo, fi, £2) be a 7e-function of G with q = |Fi| = 0. Then, 
re(G) = 2|E>|, and since by definition EU Ey dominates F, it follows that EF is a dominating 
set of G. But by Proposition 5(iii), we know that E is a ye-set of G[Eo U Ey], ie. ye(G) = |E2 
and Yre(G) = 2ye(G), ie. G is a Roman edge graph. 


§3. Bound on the Sum 7;,¢(G) + ye(G)/2 


For q-edge graphs, always 7;-(G) < g, with equality when G is isomorphic with mK» or mP3. 
In this section we prove that 7re(G) + ye(G)/2 < q and Yre(G) < 4¢/5 when G is a connected 
q-edge graph. 


Theorem 9. For any connected graph G of q => 3, 


(2) Yre(G) + Ye(G)/2 < @. 
(ii) Yre(G) < 4q/5. 


Proof Let f = (Eo, Fi, E2) be a yre(G)-function such that |/2| is maximum. It is proved 
in Proposition 6(i) that for such a function no edge of E is adjacent to any edge of Fz and every 
edge e of E> has at least two E2-private neighbors, one of them can be e itself if it is isolated in 
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E, (true for every yre(G)-function). The set Ey is independent and every edge of Ep has at most 
one neighbor in FE. Moreover we add the condition the number pu(f) of edges of Ey with only 
one neighbor in Zo is minimum. Suppose that Nz, (e) = {h} for some e € Ey. Then partition 
EG = (Eo\{h}) U {e} U Ne, (h), EY = Fi\Ne,(h) and ES = (£o\{e}) U {h} is a Roman edge 
dominating function f’ such that w(f’) = w(f)—1if Nz, (h) 4 2, or w(f’) = w(f), |S] = |e! 
but p(f’) < u(f) if Nez, (h) = @ since then, G being connected g > 3, h is not isolated in Ep. 
Therefore every edge of E2 has at least two neighbors in Eo. Let A be a largest subset of E> 
such that for each e € A there exists a subset A. of Ng, (e) such that the set A¢ is disjoint, 
|Ae| > 2 and sets Uceea Ae = UceaNaz,(e). Note that A. contains all the external E-private 
neighbors of e. A’ = E2\A. 


Case 1 A’=@. 


In this case |Eo| > 2|E2| and |E\| < |Eo| since every edge of Eo has at most one neighbor 
in E;. Since Eo is an edge dominating set of G and |Eo|/2 > |E2| we have 

(i) Yre(G) + Ye(G)/2 < |Fa| + 21Bo| + |Bol/2 < |Fol + |Eil + [Bal = 4. 

(il) 5Yre(@) = 5|Hy|4+10|B9| = 4q—4|Ho|-+|4|+6|E0] = 4q—3(|Bo|—21 Bol) —(|Bol—|El) < 
dq. Hence yre(G) < 4q/5. 


Case 2 A’# @. 


Let B = UceaAe and B’ = Eo\B. Every edge ¢ in A’ has exactly one £2-private neighbor 
e’ in Eo and Ne’ (e) = {e’} for otherwise ¢ could be added to A. This shows that |A’| = |B’|. 
Moreover since |Ng,(€)| > 2, each edge ¢ € A’ has at least one neighbor in B. Let eg € 
BO Np, (e) and let 4 be the edge of A such that eg € A,,. The edge €, is well defined since 
the sets A. with e € A form a partition of B. 


Claim 1 |A.,| = 2 for each e € A’ and each ep € BO Nz, (é). 


Proof of Claim 1 If |A-,| > 2, then by putting A, = A-,\{ee} and A- = {e’,eR} we can 
see that Ay = AU {e} contradicts the choice of A. Hence |A-,| = 2, 4 has a unique external 
E5-private neighbor ¢/, and A,, = {€p,¢'4}. Note that the edges ¢4 and « are isolated in E» 
since they must have a second E2-private neighbor. 


Claim 2 Ife,y¢ A’ theneg #yp and A., F Ay,. 


Proof of Claim 2 Let <’ and 7’ be respectively the unique external E2-private neighbors of ¢ 
and y. Suppose that ¢p = yg, and thus ey, = ya. The function g : E(G) — {0,1, 2} defined by 
g(eB) = 2, g(€) = g(y) = glEa) = 9, gles) = oly’) = g(e’) = 1 and gle) = f(e) otherwise, is a 
REDF of G of weight less than +,¢(G), a contradiction. Hence eg # yg. Since Az, 2 {éB, €'4} 
and |A-,| = 2, the edge yg is not in A-,. Therefore A-, 4 Ay,. 

Let A” = {e4 |e € A’ and ep © BN Ng, (e)} and B” = Uceav Ac. By Claims 1 and 2, 


|B’| + 2|A”| and |A”| > |A’. 
Let A” = E\(A'U A”) and B!” = Ucean Ae = Eo\(B' UB"). By the definition of the sets Ae, 


|B") > \2A””"|. 
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Claim 3 Ife ¢ A’ andeg € BN Ng, (e), then e’,ep and e', have no neighbor in E,. Hence 


B" dominates Ey. 


Proof of Claim 3 Let h bea edge of Ey. If h has a neighbor in B’UB"”, Let g : E(G) — {0,1, 2} 
be defined by g(e‘,) = 2, g(h) = g(ea) = 0, g(e) = f(e) otherwise if h is adjacent to ey, 
g(e’) = 2, g(h) = g(e) = 90, g(e) = fle) otherwise if h is adjacent to &’, 

gen) = 2, g(h) = glea) = gle) = 0, gle's) = gle") =1, gle) = f (6) otherwise if h is 
adjacent to eg. In each case, g is a REDF of weight less than 7,-(G), a contradiction. Therefore 
N(h) C BY”. 


We are now ready to establish the two parts of the Theorem. 
(i) By Claim 3, B’’ U A’U A” is an edge dominating set of G. Therefore, since |.A’| = |B’| 
and |B’”’| > |2A’”| we have, 


ye(G) < |B | +A +]A") < [BM] +|B" < (2|B"| — 2|A""|) + (2|B"| — 2]A")) + (2|B"| — 2| A’). 


Hence 7e(G) < 2|Eo| — 2|E2| and yre(G) + Ye(G)/2 < (|Fi| + 2| Fal) + (|Eo| — |E2l) = 4. 
(ii) By Claim 3 and since each edge of E; has at most one neighbor in Eo and |F\| < |B’. 
Using this inequality and since |A’| = |B’| and |B’”’| > |2A””| we get 


5 re(G) = 5| E41 | + 10| F4| = 4q = 4| Eo| + |E\| + 6| £5| < 4q 4|B’| 4|B"| 4|B’"| 
+|B™| + 6|A’| + 6|A"] + 6A] < 4g + 2([A’] —|A"|) + 8Q|A”| — |B) < 4¢. 


Hence Yre(G) < 4q/5. 


Corollary 10 Let f = (£0, Fi, F2) be a re(G) — function of a connected graph G. If 
k|E2| < |Eo| such that k > 4, then ye(G) < (k— 1)q/k. 


§4. Bounds on |£o|, |£i| and |£2| for a 7,-(G)-Function (Eo, £1, E2) 


Theorem 11. Let f = (Eo, Fi, E2) be any yre(G) — function of a connected graph G of q > 3. 
Then 


(1) 1 < |Ep| < 2/5; 
(2) 0 < |Fi| < 4q/5 — 2; 
(3) g/5 +1 < |Eo| Sq-1. 


Proof By Theorem 9, || + 2|E£2| < 4q/5. 


(1) If Fy = @, then E, = q and Ey = @. The REDF (0,q,0) is not minimum since 
|E\| + 2|E2| > 4q/5. Hence |£2| > 1. On the other hand, |£2| < 2¢/5 — |Fy|/2 < 2q/5. 

(2) Since |E2| > 1, then |By| < 4q/5 — 2|B2| < 4q/5 — 2. 

(3) The upper bound comes from |Eo| < q— |E£2| < q-—1. For the lower bound, adding on 
side by side 2|Eo| + 2|Fi| + 2|£2| = 2¢, -|Fi| — 2|E2| > —4q/5 and —|F,| > —4q/5 + 2 gives 
2|Eo| > 2¢/54+ 2. Therefor, |Eo| > ¢/54+ 1. 
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